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 • Use polynomial long division when the degree of the numerator of a rational 

function is higher than the degree of the denominator.   

• The partial fractions technique must be modified when factors of the denominator 
are repeated.  

 
 

 

 
 

 

Notice that the degree of the numerator of this 
rational function is greater than the degree of the 
denominator.  Since the integral can’t be evaluated 
with u-substitution, start by trying to simplify the 
integral with polynomial long division. 
 

Polynomial long division is similar to arithmetic long 
division.  Choose each term by determining what 
you would multiply the divisor by in order to remove 
the leading term of the dividend.  Just like in 
arithmetic long division, repeat the process until the 
divisor can no longer divide the dividend. 
 

Make sure to include the remainder divided by the 
divisor in your result.  Without this piece, your 
division problem is wrong. 

 

 
 

 

Notice that in the new integral, the first two terms 
are easy to integrate.  The final term is a little more 
complicated, but a partial fraction decomposition 
should work. 
 

However, notice that when factored the denominator 
has a term repeated.  This factor might complicate 
the partial fractions technique. 
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 • Use polynomial long division when the degree of the numerator of a rational 

function is higher than the degree of the denominator. 

• The partial fractions technique must be modified when factors of the denominator 
are repeated. 

• To modify the partial fractions technique to work with repeated factors, each power 
of a factor that is repeated in the denominator must get its own partial fraction. 

 
 

 

 

 
 

 

 
When the numerator of the rational function is of 
greater order than the denominator, you can simplify 
the expression by using polynomial long division. 
 

 
 

 
 

Remember, the remainder goes over the original 
denominator and adds to the result of the division.  
It is also a good idea to factor the denominator. 

 

 
 

 
 

If one of the factors of the denominator of the 
rational function is repeated then the technique of 
partial fractions must be modified.   
 

 
 

Each power of the repeated factor gets its own 
partial fraction.  If the term were raised to the third 
power, then there would be a partial fraction for the 
first power, another for the second power, and 
another for the third. 
 

Once you put in the additional terms for any 
repeated factors you can work out the partial 
fraction decomposition normally.  Find the common 
denominator and distribute. 
 

 
 

Regroup the expressions with respect to the powers 
of x so you can solve for the unknown constants. 
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Once you have grouped the constants with respect 
to the powers of x you can use whatever technique 
you want to solve for them. 
 

Here we start by solving the first equation for A. 
 
 

Next we substitute that value into the third equation 
and express B in terms of C. 
 

 
 

Now we can find the numerical value for B.   
 

With that information, finding the numerical values 
of A and C is easy. 

 

 
 

 
 

Armed with the partial fraction decomposition, the 
integral is much easier to solve. 
 

 
 

 
Make the substitution using the identity you just 
discovered above. 
 

Each of these terms can be integrated with the 
power rule, although some of them require a simple 
u-substitution. 
 

 
 

So remember, when dealing with complicated 
rational expressions, start by seeing if you need to 
divide it out.   
 

When you encounter repeated factors in the 
denominator, remember to repeat them in the partial 
fraction decomposition. 

 

 
 

 
 

When working math problems, it really helps to write 
a little more carefully than you would normally do.  If 
you can prevent an error by writing larger, do so!   
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 • When decomposing an expression with repeated factors, each power of the 

repeated factor gets its own unknown. 

• If the factor of an expression is an irreducible quadratic, then the factor gets two 
unknowns when it is decomposed, one multiplied by x and the other a constant.  
These factors use the form Cx + D in their numerators. 

 
 

 

 

 

 
 

 
 

When the factors of the denominator in an 
expression you want to decompose are repeated, 
you have to modify the partial fraction technique. 
 

 
 

Notice here that the first factor is squared and the 
second is cubed.  These factors are repeated. 
 

To decompose the expression, each power of the 
repeated factor gets its own unknown.  Since the 
second factor was repeated three times, it gets 
three different fractions in the decomposition. 
 

Solving the partial fraction decomposition is 
performed in the same way as with non-repeated 
factors, by finding the common denominator, 
combining the decomposition into one large 
expression, and setting terms equal to each other. 

 

 
 

 

 
Here is another integral to consider.  Notice again 
that the integral cannot be evaluated using  
u-substitution.  So try using partial fractions. 
 

Notice that one of the factors is an irreducible 
quadratic.  These factors require another 
modification of the partial fractions technique.  
 

When creating unknowns for numerators of the 
quadratic factors, you must include two unknowns-- 
one unknown multiplied by x and the other a 
constant.   
 

Solving the decomposition is still performed the 
same after this step.  Combine the fractions and 
solve for the unknowns. 
 

It is very important that you include the unknown 
term multiplied by x or you will not get an accurate 
decomposition. 
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The integral of the decomposition is much easier to 
evaluate. 
 

Here each integral is evaluated separately.  Notice 
that each piece requires different techniques to 
solve.  It is very important to remember the different 
integrals you have learned so you can quickly apply 
them to problems like this one. 
 

Since the constant of integration is arbitrary, you 
can combine all of the constants from the individual 
pieces into one big arbitrary constant.  That way you 
only have to write it once. 
 

 

 

 

 

 
 

If the expression contains irreducible quadratic 
factors that are raised to a power, then you have to 
treat those factors just like you would treat a linear 
factor.   
 

Each power of the irreducible factor gets its own 
fraction.  That means each copy gets two unknowns 
for quadratic factors. 
 

 
 

 
 
 

Partial fraction decompositions can get tricky and 
involve a lot of algebra.  Be very careful when you 
evaluate them.  Watch out for careless errors! 
 

You can always find a common denominator and 
combine expressions in order to check your algebra. 
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 • If a u-substitution on a transcendental integrand leads to a rational expression 

whose denominator can be factored, use partial fraction decomposition. 
 
 

 

 
 
 

 
 
 

 
 
 

 

 
So far you have only seen partial fraction 
decomposition applied to a rational polynomial 
function.  Now consider this integral. 
 

Traditional methods don’t seem to work well here.  
 

 
 
But consider this u-substitution. 
 

 
 

By making this substitution, you transform a 
transcendental expression into a rational one.  
Now you can use partial fractions to evaluate the 
integral. 
 

Start by breaking the integral into its factors with the 
unknown constants in the numerator. 
 

Find the common denominator. 
 
 

Combine the expressions. 
 
 

Regroup the terms. 
 

 
 

Now isolate the unknowns and solve. 
 

 
 

 
 

There are many different ways to solve this system 
of equations.  Here we start by solving for A in terms 
of B and then substituting.   
 

 
Once you have the necessary constants, evaluate 
the simplified integral using other techniques. 
 

 
 

So by converting a transcendental expression into a 
rational expression with a substitution, you can find 
creative ways to evaluate complicated-looking 
integrals. 
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