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Derivatives of Parametric Equations

key concepts:
If f and g are continuous functions of t, then the equations x = f(t) and y = g(t) are
called parametric equations and t is called the parameter.

A curve represented by x = f(t) and y = g(t) on an interval | is smooth if f" and g~ are

continuous on | and not simultaneously zero, except perhaps at the endpoints of I.

The formula dy _ dy fdx where ax # 0 is a convenient way to find the derivative of
dx dx/ dt dt

a parameterized curve.

What makes a path smooth?

Curves can be smooth
Graph of the parabola: y = x*
¥

100

Curves can be smooth or spiky. A curve is smooth
if it has no sharp turns or points.

or spiky.
Graph of the cycloid: y = | - gint
X =1-cost

So how do you tell if a parametric curve is spiky?

? . L . . .
What makes a path smooth? Curves can be spiky where their first derivative is
Q: When will a parametric path be smooth or spiky? undefined. So you could convert the parametric

A: The parametric equations x = f{t} and ¥ = gft) have a smooth equations into rectangular form and take the

path if their derivatives 2% and & are continuous and not derivative to see if the curve spikes. But converting
simultaneously zero dt to rectangular form is time consuming.

Example] . _ y=f Instead you can J_ust tak_e the derivative of the
parametric equations with respect to the parameter.

e Wy Q: When is %:mhn?
dt va X a: When ¢ = 0. The curve will be smooth everywhere that the two
derivatives are continuous and not simultaneously
zero. If only one of the derivatives equals zero the

curve is still smooth.

. e DY _n
t£0 Q-Whanﬁa—z—O?

smooth  a: When t=0.
The reason the curve can get spiky here is because

3 4 ;@-_ —> both derivatives are zero. This gives the curve a

t chance to change directions.
not smooth
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The direction of the bug

Q: Which way will the bug crawl?

Example] x=et y=3e2

10

N
-2 -1 = 2.

A:Att=0x=g0=1 andy:Sez‘:c']:aﬁ}:&,s)énthebugis

located at (1,3).

As time moves forward, or ¢ increases, the bug moves to
higher values of x and y or to the right on the path.

As time moves backwards, or t becomes more negative,
the bug approaches, but never reaches, the peoint (0,0).
Note that lim e' =0 and lim 3e¥ =0.

—p—os =

The bug never reaches the part of the curve to the left of the origin.

Another important aspect of parametric curves is
how the parameter can affect the domain and
range.

Notice in this example that eliminating the
parameter produces a parabola.

However, because the exponential function is
always positive, there is no way for the x-term to
ever be negative.

As such, you cannot plot a point to the left of the
origin using the parametric equations.

Parametric equations plot a position on a path.
They do not have to use the entire path to do so.

The derivative of parametric equations

Examplel x=¢'  y=3¢*

Q: Whatis & 2
dx

1Y ¥ A

"l\. 10

dy
: Y_6
Az Method 1 e X

A: Method 2
Using the chain rule

dy _ d 2t
oo B¢ dx "~ dtl dt

dt
- 552t,/5t
=gef
= Bx
dy _dy / dx dlx
The formula — = —_ long as — =
dx ot/ dt (as long dt o
is a comnvenient way to find the derivative of
parametric curves.

d 2t
=3— [e7]
dt

=392*% 2t]

=(2)3e%
—6e?

Suppose you wanted to find the first derivative of
these parametric equations.

You could express the parametric equations in
rectangular form and take the derivative of that
equation. But that takes a lot of algebra.

Instead, you can use the parametric equations to
find the derivative through an application of the
chain rule.

dy _dy /dx

According to the chain rule, — =—= .
dx dx/ dt

So if you take the derivative of each parametric
equation and divide the derivative of y by the
derivative of x, you get the derivative of y with
respect to x.
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® The formula —2 [ —= where ax # 0 is a convenient way to find the derivative

Parametric representation of an elliptic curve

Examplel x=12 y=1-3¢t
Three methods of graphing curves:

Technique 1: Plug in values of t and calculate x- and
y-values of points in the curve. It'11 worck, but it is
a slow procass.

Technigue 2: Eliminate the parameter and derive an
ﬂq..lﬂﬁﬂﬂ in the fﬂmiliﬂrfﬂnﬂf! f{x}. Can bacoma
complicated and time consuming

Technique 3: Use the power of calculus. The best choice
for curve skhetching, of course!

Use the formula 2 = 9 /9
dx ot ot
find the derivative of the curve.
W _x2_3 L
dt df
dy _3°-3
x 21

b
as long as Iy?‘ 0 to
ox

How can you graph parametric equations?

One option is to plot points. But plotting points
doesn’t give you very accurate curves.

Another option is to eliminate the parameter and put
the equations in rectangular form. But eliminating
the parameter is not always easy to do.

The best option for graphing parametric equations is
to use curve sketching techniques from calculus.

By modifying the techniques you learned in the first
semester of Calculus you can draw very accurate
curves for parametric equations.

To sketch the curve, start by finding the derivatives.

The maxima and minima of an elliptic curve

Examplel x=2 y=£3-3¢

The maxima and minima of the curve occur when the derivative
is zero.

Q: Whenis & - 07
ox

-3

2
A: When the numerator of :ﬂzr is zero.

(t+11t—11

t=-1,t=1 -a—times when there may be a max or & min

Q: What points of the curve correspondto t =1 and t =-17
Az Plug t = -1 and t = 1 into the parametric equations.
x(-1)=-1" y(=1y= (1) -3(-1)
=1 ==1+3
=2
x(y=12 yil=1" -3
=1 =1-3

Critical points still occur when the derivative of y
with respect to x is undefined or equal to zero.

Set the derivative equal to zero and solve.

Notice that the derivative is in terms of the
parameter, t. This is useful, since the graph might
not be a function of x but the parametric equations
are both functions of t. Each value of the parameter
corresponds to a unique point.

Now you have the times where the graph could hit a
maximum or minimum point. Plug this value into the
parametric equations to determine the actual points.

So the points (1,2) and (1,-2) are potential
extreme values.
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Graphing the Elliptic Curve

Undefined slopes of tangents to elliptic curves
Examplel x=t2 y=1-3t Remember that critical points also occur when the

The ﬁlﬂpﬁ of the tﬂl\gul"lt to the G"iptllﬂ curve is undefined when deriVatiVe iS Undeﬁned. The deriVatiVe iS Undeﬁned
the denominator of the derivative is zaro. when its denominator is equal to zero.
Q: When is the denominator of equal to zero?

. dx
A:When 2tis 0. 2::3 This occurs when t = 0.

Q: Where is the curve located at ¢ = 07
A: Plug t = 0 into the x(0) =07 yi(0)=0%-3(0)
parametric equations -0 —0-0 Plugging this critical point into the parametric

—0 equations gives you the point (0,0).

The origin is part of Sot =1 corresponds to the point (1,2). t=0

the curve, and at that corresponds to the point (0,0). t=1 corresponds to
location the curve is : the point (1,-2)
tangent to the y-axis. T

-2

Locations where the elliptic curve crosses the x-axis
Examplel x=t2 y=13 -3t
Q: Where does the elliptic curve | Q: What points of the curve To find when the graph crosses the x-axis, find

cross the x-axis? correspond to t = /37 where the parametric equation for y is equal to zero.

A: Aty=0. A: Plug t = /3 into the The parametric equation crosses the axis when t
t*o3t=0 x-equation. . equals the negative square root of three, zero, and
HE-3)=0 x(£43 )=+43 the square root of three.
tt—3)t+43)=0 Ty —— tl_'nf point Plugging those values into the parametric equation
. (3.,0) twice, when t =+/3 for x completes the point.
t=0,t=1J3 and when t = -/3.

Now you have a pretty good idea of the behavior of
the graph. There is a maximum pointatt=-1, a
\ minimum point att = 1, a vertical tangent att = 0,
3 =1 :?,,-- and the graph crosses the axis twice at x = 3.

"

G: What ia the direction of the slliptic curve? You can even determine the direction of the path by

A: Att =0, the curve is at the origin. considering where the points are for different values
As t increases, the curve moves in the downward direction. of the parameter.
As t decreases or becomes more negative, the curve moves
in the upward direction.
The graph of the elliptic curve includes the path direction.
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® Given a smooth curve described by the parametric equations x = f(t) and y = g(t),
the arc length L between the points a and b is:

Looking through the magnifying glass

dy
dt

o
alx

at

Consider the straight line because the curve is too complicated.

Q: What is the length L of the line?

—
=L

] | et

As [ becomes smaller and smaller, it approximates the curve
mare accurately. Assume that L becomes infinitely small.

A: Make the line the [df]z_[-ﬂ}f ]2 2

hypotenuse of a right
triangle and use the
Pythagorean theorem.

One of the applications of calculus is finding arc
length. Arc length is the length of a curve.

Arc length is a little easier to understand when
dealing with parametric equations instead of the
rectangular equation. If you look at a small section
of the curve you will see that the curve can be
approximated by a line. Find the length of the line
with the Pythagorean theorem.

Since the change in the x-direction is just a small
change in x and the change in the y-direction is a
small change in y, then the lengths of the legs of the
triangle can be expressed as the derivatives of the
respective parametric equations.

As you make the distance between the points
smaller and smaller, L becomes more and more
accurate.

The formula for arc length

To find the length of a curve, you need to sum up the lengths
of all the secant lines of the curve. Since there are an infinite
number of terms in the sum, compute the length as an
integral.

VerY ImPORTaNT

The formula for arc length does not represent the area under
the curve.

When computing the arc length from parametric equations,
integration is with respect to the parameter (such as t).

The formula directly follows from this relationship.
By summing up all these infinitely small pieces you
find the length of the curve.

Remember, the arc length does not represent the
area under a parametric curve. It represents the
length of the curve.

Calculating the arc length by integrating with respect
to the parameter can be much easier than using the
rectangular form.
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® Given a smooth curve described by the parametric equations x = f(t) and y = g(t),
the arc length L between the points a and b is:

Review of arc length

For a parameterized curve,

b F] ] b
_ o), =J- ,r’r‘r g ar
are length ‘[ (dt +[ p I )" +[g]

Lines of length L approximate the curve:

Each line is the hypotenuse of a triangle with length L :

L | 2 2
—/ag so that: L= (d—x] +[ﬂ]
. ot dt

dxu

dt
When the lengths L become infinitely small, the sum of the
lengths approaches the arc length.

alternatively written as:

To find the arc length of a parameterized curve,
start by taking the derivatives of the parametric
equations.

You don’t need the derivative of y with respect to x
because it is the change with respect to time that
determines the lengths of the legs of the arbitrary
triangle you will use to calculate the arc length.

By integrating, you sum up all of the infinitely small
lengths to produce one value.

Estimating arc length

Example] x(t)=e'cost yit)=e'sint
Q: What is the graph of these parametric equations?

Ay
03k
pe N oo

tw 2w

This graph starts at the point (1,0)

t=0

-

0.5 1

Att=0, x(0)=e"cos0 y(0) =esin0
=101} =100}
=1 =0

Q: What is the length of the arc that is swept out by the
parametric equations as t goes from 0 to 277

A: Use a piece of rope to trace out the curve. Measure the rope.

arc length = 1.4 = Guess = 1.4

wstimate

and spirals tightly around the origin.

It is a good idea to graph the parametric equations
before you find the arc length.

In general, this graph doesn’t have to be very
precise. However, if you have a good graph you
can approximate the length you are going to
calculate.

Estimate the arc length by stretching a string or rope
along the curve. When you straighten the rope, you
can measure the straight line.
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Calculating arc length

Examplel x(f)=e "cost yit)=e "sint

2 N = N z
_I J|_—e " isint 4+ -:r:uan | [E‘ Fleoost —smr}J at
]

2n |' - 2
= \|e 2 ygin t + 2sintcost - cost t ++|_e "cost sith dt
]

2w I' ; 5
= \|e'2‘i25inrcust+1ﬁ+[e"-;-::crst sinr]J at
o

2w
= J Je'z"-;E sinfcost+1)+e > (cos® - 2sintcost = sin® ¢ dt
]

2
- J \lre'z"(Esinfcnst+1h+ e —2sintcost - 1) of

D
an Q-? E 1
[T ey
=I Ve gt
il M

The guess of 1.4
was pretty close
to the actual value!

1

m] =1.41421(0.998133) - 1.41157 fl

Guess = 1.4 |

=1.41a21[1—

Once you have the derivatives you are ready to plug
them into the formula and begin integrating.

Here the first expression has been expanded.

Using the Pythagorean identity you can combine the
sine-squared and the cosine-squared term.

Now expand the second expression.

Use the Pythagorean identity again. Notice that you
can cancel the trigonometric factors by distributing.

Separate the terms underneath the radical and
move the constant outside the integral.
Simplify the exponential function.

A quick u-substitution gives you the antiderivative.

Now plug in the limits of integration.

Using a calculator gives a decimal value for the arc
length. Notice that the initial guess was pretty
close. That's a good clue that you didn’t make any
algebra mistakes.
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