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 • Integration by parts reverses the product rule. 

• Integration by parts requires a product of two functions: one with a simple 
derivative and one with a simple integral. 

 
 

 

 
 
The integral of lnx is a tough nut to crack.  The 
techniques of integration that you’ve studied,  
u-substitution and partial fraction decomposition, 
don’t apply.  A new technique must be used.  This 
technique is called integration by parts. 
 

 

 

 

 

Recall the product rule.  It is used to differentiate 
the product of two functions. 
 
 

Subtract ′( ) ( )f x g x  from both sides. 
 
 
Integrate both sides.  Note that one antiderivative of 

[ ]′( ) ( )f x g x  is ( ) ( )f x g x .  The equation in the box is 
the formula for integration by parts.   

 
 
 
 

 
Use integration by parts to integrate a function that 
has two parts, one part that is easy to differentiate 
and one part that is easy to integrate.   
 
 
 
The formula for integration by parts is often rewritten 
so that =( )g x u  and =( )f x v .  In this case, u is 
easily differentiable and dv is easily integrable.  
When written this way, integration by parts can be 
thought of as a love affair between the two 
functions, u and v. 
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 • Integration by parts reverses the product rule.   

• Integration by parts requires a product of two functions: one with a simple 
derivative and one with a simple integral. 

• Integration by parts:  = −∫ ∫u dv uv v du . 

 
 

 

 
A function you often encounter in Calculus is the 
natural log function.  But how do you integrate it? 
 

Notice that the integral is made up of two pieces, 
the piece with the log and the piece without. 
 

To use integration by parts you have to decide 
which parts match up in the formula.   
 

For u, pick the part that is easy to differentiate, like 
the natural log.  For dv, pick the part that is easy to 
integrate. 
 

Once you have matched the parts up then 
differentiate or integrate to find the other parts you 
need.  Plug all of these parts into the formula. 
 
 
 

Look for ways to simplify the new integrand.   
 

 
 

Here is the integration by parts formula color-coded 
to match the pieces in the evaluated integral. 

 

 

 

What if you aren’t convinced that integration by 
parts gave you the right answer?  Remember that 
you can always check the results of integration by 
taking the derivative. 
 

 
 
 

To evaluate this derivative you have to use the 
product rule.  That is not surprising since integration 
by parts undoes the product rule. 
 

 
 

You get back what you started with.  So the 
technique gave you the right answer! 
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 • Integration by parts requires a product of two functions, one with a simple 

derivative and one with a simple integral. 

• Integration by parts:  = −∫ ∫u dv uv v du . 

 
 

 

 
Integration by parts can be applied to functions 
with exponential factors.  Consider this example.   
 

Notice that the integrand is easily broken into two 
factors.  The exponential factor is easy to 
differentiate or integrate.  The linear factor is easier 
to differentiate than integrate.  So let the linear 
factor equal u. 
 

Since you know u, just differentiate to find du. 
 

Since you know dv, just integrate to find v. 
 

Once you have each of the parts you can substitute 
them into the integration by parts formula. 
 
 

Notice that the integral of the exponential function is 
very easy to evaluate.  If your new integral is harder 
to integrate, you might want to go back and switch 
your choices for u and dv. 

 

 

You have already seen that integration by parts can 
evaluate the integral of the natural log function.  But 
what if you are asked to integrate the natural log 
function times a linear factor? 
 

Integration by parts will still solve this integral. 
 

Since the logarithmic function is easy to 
differentiate, let it equal u.  Set the other factor 
equal to dv and plug into the formula. 
 

Notice that you never have to integrate the natural 
log function.  The v -term and the du-term cancel 
leaving a simple linear term to integrate. 
 

 
 
 

You can always check your work when you use 
integration by parts.  Just find the derivative through 
the power rule.  
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 • Integration by parts:  = −∫ ∫u dv uv v du . 

• Using integration by parts once might not be enough to evaluate an integral.  As long 
as integration by parts simplifies the factors of the integral, it is not a bad idea to use 
the technique again.  You can repeat applications as long as there are factors. 

 

 

 
 

 

 

 

 

Here is an integral with a quadratic and a 
trigonometric factor.  Try to use integration by 
parts on this integral. 
 

 
 

 
 

Both factors are easy to integrate or differentiate, 
but integrating the quadratic makes it more 
complicated than differentiating.  So let the 
quadratic factor equal u. 
 

Plug the pieces into the integration by parts formula.   
 

The new integral looks a little easier than the 
original, but it still cannot be evaluated with  
u-substitution or any other obvious method.  What 
technique of integration would work well here? 
 

Notice that the new integral is made up of a 
trigonometric factor and a linear factor.  That makes 
it a good candidate for integration by parts.  But can 
you use integration by parts again if you already 
used it once?  Sure you can!  Think of the new 
integral as its own sub-problem. 
 

Since the linear term becomes less complex when 
you differentiate it, set it equal to u.   
 

Integration by parts gives you the answer to the new 
integral.  
 

 
 

 
 
 

Now you can go back to the original problem and 
substitute in the information you found. 
 

Notice that the entire integral is multiplied by that 
factor of two outside the parentheses. 
 

As long as the integration by parts produces factors 
of lower complexity, you should feel comfortable 
applying integration by parts again. 
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 • Integration by parts:  = −∫ ∫u dv uv v du . 

• Sometimes integration by parts will yield an expression with the original integral on 
both sides of the equal sign.  Solving algebraically yields the integral. 

 
 

                                            

 

 

 
Consider this integral.  Both of the factors are easy 
to integrate and differentiate.  But notice that neither 
process makes the factors any simpler. 
 

So you don’t have an idea about which factor to use 
where.  But it is better to keep working than to stare 
at the problem and make no progress.  So go ahead 
and pick one for u and move forward. 
 

 
 

 
 

 
 
Notice that the resulting integral is still rather 
complicated.  But you can reuse integration by 
parts. 
 

Watch carefully here!  There’s a magic trick. 
 

Try to evaluate the new integral.  
 

Pick the same piece for u. 
 

Use the integration by parts formula and plug in the 
pieces. 
 

Notice that the resulting integral for the second 
piece includes an integral that exactly matches the 
original question. 
 

So set the original integral equal to I. 
 
 

Notice that if you plug the result from the sub-
problem back into the original problem, you can 
isolate the I-terms. 
 

 
 

 
 

So in a way you can evaluate this integral without 
ever taking an integral.  That’s magic! 
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