Calculus Lecture Notes

Unit: Parametric Equations and Polar Coordinates ~ Module: Polar Functions and Slope

Calculus and the Rose Curve

key concepts:
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® To find the critical points of a polar curve, take the derivative of r with respect to 6

and set the derivative equal to zero.

Finding maxima of the rose curve

Examplel r = cos3o
The ends of the petal occur where ris maximum.

Take the derivative with respect to §
and solve for the locations where it is 0.

dr _ dcosdn B n e
i el S Y

= =3s5in3h

dr
Set o = 0 SUMMARY

=3gin3di = 0 r= 0 when
sind3h = 0 "'%’ﬂ?%
dr 2

i
—_—= 1] i = —_ —_
o 0 when i =0, 3 or 3

You can use calculus on polar equations a lot like
you can use it on rectangular equations.

Suppose you wanted to find the maximum points on
this rose curve. In rectangular coordinates, you
would take the first derivative of y (the height) with
respect to x and set that equation equal to zero. In
polar coordinates you take the first derivative of r
(the distance) with respect to 8 and set that equation
equal to zero.

Doing so will give you the angles where the curve
reaches critical points.

Keep in mind that when dealing with polar
coordinates the distance can be positive or
negative. Polar coordinates are not unique, so be
careful!

Example] r = cos3e

steps to sketching the
the curve r = cos3i

1. Draw the rays where r= 0.

2. Plot the points wheare ;ﬁ = .

when i =0, r = cos3i
= ¢os 3(0)
= cos0
=1

when i =21, r=cos3
L

=cos 3{ 1)
= cosm

SUMMARY

. r= 0 when
when -l_‘z_—'.r_ccsf_i . G, T 5w
= cos 3(=") 6 2 8

dr

= COS2n
=1 — = 0 when

di
3. Now fill in the curve. i =1, %. %

Curve sketching with calculus can be very fun in
polar coordinates.

Start by finding the rays (angles) where r = 0.
These rays indicate the path the polar curve has to
follow as it approaches the origin.

Notice that the polar graph is always tangent to the
ray where r = 0 as well.

Next find the critical points by taking the derivative
and setting it equal to zero.

Plot the resulting values. Then you can just fill in
the curve.
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Finding the Slopes of Tangent Lines in Polar Form

key concepts:
® To convert from polar to Cartesian coordinates, use the formulas:
X=rcosH, y=rsin6.
® To find the slope of tangents to polar curves, use the formula dy = dy/d® .
dx dx/de

Finding the slope of tangent lines to the rose curve

To find the slope of a tangent line on a polar curve,
Exampled - = f(0) / MISSION: Find 3—i you need to find the rate of change of y with respect

to x. Although it seems like you might have to
change everything back to rectangular form, you
can actually find the slope while in polar form by
using the chain rule.

y = fif)sing x = fld)jcoso

dy _ dy dx

Fontosy moath
— do = dx" do

dy dy/di o ) _
dx . dx/do Start by finding the equations for x and y in terms
of 6.

dy _ d flg)sing

= = flijcos '(0)s
e 70 fidlcosd + F(0)sing

Then take the derivative of both equations with
dx _ dfelcosh _ _ g respect to 6.
df di

dy fidlcosd + F{0)sind
dx - fig)sing + f(@)coso

sind + F(Mcosi

Divide the derivative of y by the derivative of x and
you get an equation for the slope by the chain rule.

Verifying the equation for dy/dx

Rememeer! —
Example] The rose curve r = cos30 LN Consider the line tangent to the rose curve at 1/6.

Plug 0 = w/6 into dy/dx. ~
dy _ f(8)cosb+1'(#)sind - ' 3 Start with the formula for dy/dx
dx - F(8)sing +f'(8)coss

_ _ _ Notice that r = f(6). So plug the equation for r into
__cos3cost - 3sin38sing _ the formula.

- cos3ising - 3sin3bcosh
cos [3(w/6)cos(n/6) 3sin[3(x/6)]sin{x/6)
- cos[3(n/6 )] sin(m/6 )~ 3sin[3(m/6)]cos(w/6)

cos(w/2)cos(w/8) Asin(w/2)sin(w/6)
- cos (m/2)sin(w/6)- 3sin(w/2)cos(w/6)

_ -3(sin(mB)
= 3hoos(mey O = &= This value is the slope according to the formula.

w2 This 1= th o p You can double-check that slope by looking at the
s lsthesame as oy of theray 8= -1 | 3y Since you know the angle, you can find the rise
This verifies that the eguation works.

and the run.

= tan(=/6) So the formula worked!

rise _ sinim@/fo)
C— run  cosiw/6)
run or Cos 1—E
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