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Derivatives of Vector Functions
• Understand the definition of the derivative of a vector function in terms of limits.
• Find the derivative of a vector function by taking the derivative of its components.
• Find the tangent vector and the unit tangent vector at a point.
• Sketch a planar curve described by a vector function, and find and sketch its position and tangent vectors at a point.

A position vector function traces out a curve.  The points on
the curve correspond to the tips of the vectors obtained
when the position vector function is evaluated at various
values of t.  These position  vectors should be thought of as
emanating from the origin.  

The derivative of a vector function is itself a vector
function.  For each time t, the derivative of the position vector
function at t is a vector that is tangent to the curve at t. 

The definition of the derivative of a vector function is the
same as the standard definition of a derivative.  Take a small
step h in the t direction, and look at the difference of the two
vectors obtained at t and t + h, all divided by h.  Then let h
go to 0.  The result is an instantaneous rate of change at t,
where rate of change is now expressed as a vector.

Luckily, this definition of the derivative of a vector function
leads to an easy way to compute the derivative.  Just take the
derivative of each of the component functions of the vector

function , and then use these derivatives as the new

components of  .

This vector function describes a complicated curve in . 
The unit tangent vector is a vector that has the same
direction as the tangent vector, but is scaled to have length
equal to one.  

To find the unit tangent vector at t = 0, first compute the

tangent vector, .   Then evaluate the tangent vector at 
t = 0.  The result is a vector.

Next, scale the vector  by dividing each of its

components by the magnitude of .

More generally, the unit tangent vector at t is the tangent
vector at t divided by its magnitude. 
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The vector function in this example describes a planar

curve.  The first task is to find the tangent vector .  Just

compute the derivatives of each of the components of  and
form the derivative vector function out of the new
components.  

To sketch the position vector at t = 1, evaluate  at t = 1,
and sketch the vector obtained, starting at the origin.

To sketch the tangent vector  at t = 1, evaluate  at 

t = 1, and sketch the vector obtained, starting at . 
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Vector Functions: Velocity and Acceleration
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