Calculus Lecture Notes

Unit: Techniques of Integration
An Overview of Trig Sub Strategy

key concepts:

thinkwell

Module: Trigonometric Substitution Strategy

® Use trigonometric substitution to evaluate integrals involving the square root of

the sum or difference of two squares.

1. Match the square root expression with the sides of a right triangle.

2. Substitute the corresponding trigonometric function into the integrand.
3. Evaluate the resulting simpler integral.

4. Convert from trigonometric functions back to the original variables.

Constructing a trig substitution triangle

Integrals involving the square root of the sum or difference of
twao squares are candidates for trigonometric substitution.

1-x2 7 x4

The square root will correspond
either to the hypotenuse or to a
leg of a right triangle.

] ) a
T cosfi=+1-x

By naming one of the acute angles, you
can create a conversion dictionary in terms of

trigonometric functions, leading to the trigonometric substitution.

When you notice a radical expression or a rational
power in an integrand, then the integral is a good
candidate for trigonometric substitution.

The fact that the square root of the difference must
correspond to the leg of the right triangle follows
from the Pythagorean theorem. The square root of
the sum of the squares is equal to the length of the
hypotenuse, so to get the radical expression to fit
the theorem you will have to match the other leg
with the negative term underneath the radical. The
same reasoning applies to why the square root of
the sum corresponds to the hypotenuse.

Once you have generated your triangle, you can
create a whole list of potential substitutions just by
writing down the trigonometric expressions and
finding what they are equal to in the triangle.

Trig substitution templates

2 TS And use
Substitute the identity
x=asinb |1-sin?0=cos?0
1+ tan’ 6= sec? 0

sec?’ o =1 =tan?0

x=atano

X=asechH

The constant underneath the radical sign doesn’t
have to be one. It can be any number. You can
find the square root of any positive number in the
real number system.

You don’t have to go back to the method of finding a
trig substitution each time you evaluate one of these
integrals. The table to the left illustrates exactly
which substitutions you will find useful for each of
the different possibilities.

Notice that there are three basic triangles you can
create when you make a trig substitution. Each
triangle has its own substitution that works best for
it. Remember that you can switch the legs of a right
triangle and not change it, so substitutions involving
sine might be easier if you use cosine.
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Module: Trigonometric Substitution Strategy

Trig Substitution Involving a Definite Integral — Part One

key concepts:

® Use trigonometric substitution to evaluate integrals involving the square root of

the sum or difference of two squares.

1. Match the square root expression with the sides of a right triangle.

2. Substitute the corresponding trigonometric function into the integrand.
3. Evaluate the resulting simpler integral.

4. Convert from trigonometric functions back to the original variables.

Constructing a trig substitution triangle

2 Jx2-3 Notice that this is a definite integral,
x : s0 you will have to evaluate the
result at two and at u"\'_i and
calculate the difference.

Since x is in the denominator,
this integral does not
lend itself to a
u-substitution,

Consider I

However, the numerator is the
difference of two squares under a
radical, so you should try
trig substitution.

Pea=x?
?2ox2_g

7=+x*-3

Trigonometric substitution can be used on
definite integrals too. The same circumstances
should be in place to use trigopnometric substitution
on a definite integral. There should be a radical
made up of the difference or sum of squares and
the integral should not lend itself to a simple u-
substitution.

Substituting into a new integral

2 2
Consider I d‘x_ﬂ
2

Vx?-3

X

dx=joﬂaﬂdx

3

1
V3,
1

=1 Jcos?0 2
V3 sin® 0

—- 3 lcot0db

' Pythagorean theoram
- 1{— cotf-0)+C

/ J3 V3
EGEHdH__;:: dix x=m
2 3

x=—

sin® B

o2
dx = - —=cosldb
N

Ignore the endpoints for the moment.

df

There are two ways to work a definite integral. One
way is to convert the limits of integration when you
make your trigopnometric substitution. Itis
recommended that you avoid that process however,
since there are lots of places where you might make
a mistake. The better option is to ignore the limits of
integration and work the problem like an indefinite
integral first.

Here the integral has a radical made up of the
difference of squares. So set it equal to one of the
legs of the triangle. Since the x-term is positive, it
must represent the hypotenuse.

Notice that when you take the derivative of the
cosine term to find dx you get a result with
x-terms in it. Don't let that confuse you. Just
substitute out those x-terms with another
trigonometric substitution.

www.thinkwell.com

Copyright © 2001, Thinkwell Corp. All Rights Reserved.

info@thinkwell.com

1580 —rev 06/14/2001



Calculus Lecture Notes th1nkw§jl

Unit: Techniques of Integration Module: Trigonometric Substitution Strategy
Trig Substitution Involving a Definite Integral — Part Two

key concepts:
When computing a definite integral using substitution, first ignore the limits of
integration and treat the integral like an indefinite integral. Convert back to the

original variable before evaluating at the endpoints.

The labeled right triangle serves as a dictionary for making trig substitutions.

Continue J-z \I,fxz_
NE)

: -3
evaluating PR In the previous lecture you used a trigonometric
substitution to evaluate the indefinite integral
[k2-3 3 corresponding to this definite integral. Now it is time
J X == =-E{-G°t9-ﬂ} to express the answer in terms of x.

= % (cott +8)

3 — Notice that to find 0 in terms of x you will need to
_3 [ Ya© -3 +aresin use an inverse trigonometric function. You can use
J3 J3 any of the different inverse trig functions, but inverse
sine is used here since it is the most frequently
seen.

X
3
fi=arcsin £
X
Usa the inverse sing
function to sohwe for 8.

Returning to the definite integral Now that you have found the solution of the

2 7 = indefinite integral, you are ready to evaluate the
L_#dx =%[ in (3 definite integral at the limits of integration.
el

After much algebra, the evaluation of the definite
integral is complete.
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