Calculus Lecture Notes

Unit: The Basics of Integration
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Module: lllustrating Integration by Substitution

Integrating Composite Trigonometric Functions by Substitution

key concepts:

® |ntegration by substitution is a technique for finding the antiderivative of a
composite function. A composite function is a function that results from first

applying one function, then another.

If the du-expression is only off by a constant multiple, you can still use integration
by substitution by moving that constant out of the integral.

Substituting arguments for u

Letu = x2 + x.
Then du = (2x + 1)dx.

Evaluatej{?x + 1)sin(x? + x) dx.

I{Ex + 1)sin(x? + x) dx = I{Ex + 1)sinu dx  Substitute u.

Express everything else
in terms of w and du.

=Isir‘|udu

=-cosu + C

+C | Leave the answer

| = _COS{XE * x] J in terms of x.

ﬁmﬂ YOUR WORK

d% [-cos(x® + x) + C] = _d% [cos(x® + x)] + di;[c:]
= —[-sin(x® + x)] %ll,’mc"E +x)+0

= (2x + 1)sin(x® + x)

This integral involves a composite function: the
sine of a complicated expression. If you let u be the
inside of the function, notice that du is found
surrounding the sine function.

After you substitute u, make sure that there are
nothing remains in terms of x.

Recall that the derivative of sin x is —cos x + C.

Make sure to replace u with its expression in terms
of x.

You can check that your answer is correct by taking
its derivative.

Evaluatejc.ua{nk}dx, Let u = 4x.

14y =
ICUSWII dx = j.cnsu dx So Ea::‘u = dx.

= j.cnsu . %du

= 1 cosu du

4

= lsinu +C

.=%sin{4x}|+c.

ﬁmﬂ YOUR WORK

2% Sin(dx) + c] = &L [+ sinwax] + ZLicy

constant multiple rule

Then du = 4 dx.

Here is another composite function. Let u be the
inside expression. When you find du, you will notice
that there is no multiple of 4 in the integrand, just dx.

Since 4 is just a constant multiple, solve for dx and
substitute that expression into the integrand.

You can move 1/4 outside the integrand since it is a
constant multiple.

After you integrate, make sure to replace u with its
expression in terms of x.

Take the derivative of your answer to make sure it is
correct.
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Module: lllustrating Integration by Substitution

Integrating Composite Exponential and Rational Functions by Substitution

key concepts:

Integration by substitution is a technique for finding the antiderivative of a
composite function. A composite function is a function that results from first
applying one function, then another.

You may need to experiment with several choices for u when using integration by
substitution. A good choice is one whose derivative is expressed elsewhere in the
integrand.

Composite exponential functions

faoxt + axi

u="7°

Spx?-1.

Letu =x
Then du = 5x* + 2x%dx.
2du = 2(5x* + 2x%) dx

=10x* + 4x%dx

= ja Ya2 dy

= 2ebext- o

Evaluatejﬁ 0x* + 4x)e® +x* =gy,

dx = jﬁ Ox* + 4xje¥dx Substitute u

Express everything else
in terms of u and du.

=2|eYdu

=2e"+C

Leave the
answer in
} termsof x

The first step when integrating by substitution is to
identify the expression that you will replace with u.
There will often be many candidates for u. A good
strategy is to pick one and test it. In this case,
differentiating the expression in the first box
produces 40x° + 4, but there is no other cubic in the
integrand.

Choosing the expression in the second box and
differentiating gives you an expression with a fourth
power and a first power. The exact expression is
not in the integrand. However, it can be multiplied
by 2 to give the expression in the first box.

Once you have determined the expression for u, the
integrand should be simple to evaluate. Remember
to replace u with its expression in terms of x.

Substitution and the reciprocal function

2x
Evaluatej;gT 1 dx.
2x . _[2x
_[x9+ 1 dx"_[u ax

=Id_u =I1_du
u u

=Injul +C

=In|lx2+1| +C

=In(x?+1)+C

Let u = (x* + 1).
Then du = 2x dx.

Substitute w,

Express everything else
in terms of v and du.

"'?-“ W T
—RECAIT=
==RECALL

J..l—dx: In|x| +C
X

Leave the answer
in tarms of x.

In the case of a rational integrand, the best choice
for u may be the denominator. In this example, du
then appears in the numerator.

Replace the expressions in terms of x with the
corresponding u- and du-expressions.

The integral of du/u is InJu| + C.

You have not finished the technique until you have
your result expressed in terms of x.
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More Integrating Trigonometric Functions by Substitution

key concepts:

You can apply integration by substitution to integrands involving trigonometric
functions that are not composite functions.

When working with integrands that include trigonometric expressions, it is
sometimes necessary to rewrite those expressions using trig identities.

The product of two trig functions

Evaluatejsinxcusx dx. Let u = sinx.

du = cosx dx
Isinx cosxdx = Iu COSX dx

= Iu du

2
U

= +C
2

Mote the difference:
sin®x = (sinx)(sinx)
2 = sin(x « x)

e .
sin°x
=5inx , ¢
2

ﬁﬂ" YOUR H"ﬂf.t_'
d [sin®x ] _ 2sinx
x 2 +C) = > cosx + 0

= s5inx cosx

sinx

Instead of a composite function, this integral
involves the product of two trigonometric functions.

You could let u be sinx, in which case du would be
cosX, or you could let u be cosx making du be
—sinx. You might want to choose u = sinx to avoid
the negative sign.

Once you have determined the expression for u, the
integrand should be simple to evaluate. Remember
to replace u with its expression in terms of x.

You can check your work by integrating with the
help of the chain rule.

Looking for a substitution

Let u = cosx.
du = -sinx dx
—du = sinx dx

Evaluate jtanx dx.

.
SiNX

.[tanx dx coSX

sinx
u

idu = —-[d—u

dx

—RECALE=
sinx
cOosXx

tanx =

=/-In|cosx| + C

ﬁ!‘# YOUR WORK

% [-Inlcusxl + C] =-

1

CoSX [=sinx) + 0

You may often find it useful to express trigonometric
integrands in terms of the sine and cosine functions.

Notice that you must choose u = cosx, since itis in
the denominator. That way the du-expression can
replace the numerator and dx.

Factor out the —1 from the integrand.

The integral of du/u is InJu| + C.

Make sure to express your result in terms of x.

Check that your answer is correct by integrating.
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Choosing Effective Function Decompositions

key concepts:

Experiment with different choices for u when using integration by substitution. A
good choice is one whose derivative is expressed elsewhere in the integrand.

When working with integrands that include trigonometric expressions, it is
sometimes necessary to rewrite those expressions using trig identities.

WhatlisithelbestChoicelfor[u}
® = ®
®
°
®
s

Let u = ex° 4 5.
du = 2xef2 dx

When applying integration by substitution to
composite functions there may be several choices
for u.

In the case of a rational function, the best choice is
often the denominator

In this example, du/2 produces the expression in the
numerator.

. jsec3 x tan x dx = J—
(cos x)*

u=tanx
U=s8ecx

u = sec? x

Let u = cos x.

You may want to express trigpnometric integrands
in terms of sine and cosine before integrating.

Since the denominator has cosx raised to a power,
choose u to be cosx. Then —du produces the
expression in the numerator.
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